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SCALAR CURVATURE BEHAVIOR OF HOMOGENEOUS
RICCI FLOWS
RAMIRO A. LAFUENTE
Abstract. We prove that the scalar curvature of a homogeneous Ricci
flow solution blows up at a forward or backward finite-time singularity.
1. Introduction
A family of Riemannian metrics (Mn, g(t)) is a solution to the unnormal-
ized Ricci flow starting at g0 if it satisfies the evolution equation
∂
∂t
g(t) = −2Rcg(t),(1)
g(0) = g0,
introduced by R. Hamilton in [H82]. A natural question to ask for such a
solution is what are the optimal geometric quantities that can control the
formation of singularities, in the sense that if they remain bounded along
an interval [0, T ) then the solution can be smoothly extended past time T
(see [K09]).
In the compact case, Hamilton proved in [H95] that if the flow develops
a singularity at a finite time ω, then the norm of the Riemann curvature
tensor |Rm(g(t))| is unbounded on M × [0, ω). This was improved by N.
Sesum in [S05], who showed that |Rc(g(t))| must be unbounded on M ×
[0, ω), where Rc(g(t)) denotes the Ricci curvature. Furthermore, B. Wang
proved in [W08] that a lower bound for the Ricci curvature together with an
integral (rather than pointwise) bound for the scalar curvature of the form∫ T
0
∫
M |R|
αd volg(t) dt ≤ C, α ≥
n+2
2 , allow one to extend the flow past time
T .
It is expected that the scalar curvature R(g(t)) should also be unbounded
in the presence of a finite-time singularity, however this question remains
an open problem in the general case. In this direction, J. Enders, R. Mu¨ller
and P. Topping proved in [EMT11] that if the singularity is of Type-I, then
the scalar curvature must indeed blow up. It was shown by N. Le and N.
Sesum in [LS10] that actually an integral scalar curvature bound is enough
(in the compact case) in order to prevent Type-I singularities. On the other
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hand, in [Z10] Z. Zhang showed that the scalar curvature blows up at the
first singular time of the Ka¨hler Ricci flow.
The main purpose of this article is to prove the following theorem, which
confirms the expected behavior for the scalar curvature in the case of ho-
mogeneous manifolds.
Theorem 1.1. Let (M,g(t)) be a Ricci flow solution with maximal interval
of definition (α, ω), and assume that (M,g(t)) is homogeneous for all t ∈
(α, ω). Let R(g(t)) denote the (constant on M) scalar curvature of g(t).
(i) If ω <∞, then R(g(t)) −→
t→ω
∞.
(ii) If α > −∞, then R(g(t)) −→
t→α
−∞.
Our main tool is an evolution equation for a curve of Lie brackets in-
troduced in [L12b] (called the bracket flow), defined on the variety of Lie
algebras of a certain fixed dimension, which turns out to be equivalent in a
very precise sense to the Ricci flow of homogeneous manifolds. In fact, our
proof of Theorem 1.1 in Section 4 relies only on the equivalence between
homogeneous Ricci flow and the bracket flow (see Theorem 2.2), and does
not make use of any previous result from general Ricci flow theory.
We also study some properties of bracket flow solutions which are of
independent interest, as well as some other links between the scalar curvature
and the interval of definition of the flow. In addition, as an application
of Theorem 1.1, we prove that any homogeneous Ricci flow solution on
a manifold whose universal cover is diffeomorphic to Rn is immortal (i.e.
defined for all t ∈ [0,∞)). This in particular applies to homogenenous Ricci
flow solutions on solvmanifolds.
Acknowledgements. I would like to thank my PhD advisor Jorge Lauret for
his encouragement and support, and for his many helpful comments and
suggestions.
2. Preliminaries
A Riemannian manifold (M,g) is said to be homogeneous if the isometry
group I(M,g) acts transitively on M . If M is connected (which we will
always assume unless otherwise stated), each transitive, closed Lie subgroup
G ⊆ I(M,g) gives rise to a presentation of (M,g) as a homogeneous space
with a G-invariant metric (G/K, g) (a Riemannian homogeneous space),
where K is the isotropy subgroup of G at some point o ∈M .
The presence of a G-invariant metric on G/K implies the existence of a
reductive (i.e. Ad(K)-invariant) decomposition g = k ⊕ p, where g and k
are respectively the Lie algebras of G and K. Indeed, we can take p as the
orthogonal complement to k with respect to the Killing form B of g (see
[LL12, Lemma 2.1]). Once such a decomposition has been chosen, we have
the natural identification p ≡ ToM = TeKG/K, and any G-invariant metric
on G/K is determined by an Ad(K)-invariant inner product 〈·, ·〉 on p.
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In this situation, since we have assumed that G ⊆ I(M,g), we always
have that the action of G on G/K is effective. However, in order to get
a presentation of (M,g) as a Riemannian homogeneous space (G/K, g), it
suffices to have an almost-effective action (i.e. the normal subgroup {g ∈
G : ghK = hK,∀h ∈ G} is discrete). Moreover, it is easy to see that from a
reductive decomposition of the Lie algebra g = k⊕p and an Ad(K)-invariant
inner product 〈·, ·〉 on p, we can recover the Riemannian homogeneous space
(G/K, g), provided we choose G simply connected (which we can always do
without loosing almost-effectiveness).
2.1. The space of homogeneous manifolds. We will now describe a
framework, developed in [L12a], which is central in this paper because it
allows us to work on the ’space of homogeneous manifolds’. It consists
in parameterizing the set of n-dimensional homogeneous spaces with q-
dimensional isotropy by a subset Hq,n of the variety of (q + n)-dimensional
Lie algebras.
Fix a real vector space g of dimension q + n together with a direct sum
decomposition g = k⊕ p, where k and p are subspaces of dimension q and n,
respectively. Also, fix an inner product 〈·, ·〉 on p. Let Vq+n be the space of
all skew-symmetric algebra structures (or brackets) on g, that is,
Vq+n := {µ : g× g −→ g : µ bilinear and skew-symmetric}.
We can associate to a bracket µ ∈ Vq+n an n-dimensional homogeneous
space with q-dimensional isotropy provided that the following conditions on
µ are satisfied:
(h1) µ satisfies the Jacobi condition (i.e. it is a Lie bracket on g), µ(k, k) ⊂
k and µ(k, p) ⊂ p.
(h2) If Gµ denotes the simply connected Lie group with Lie algebra (g, µ)
and Kµ is the connected Lie subgroup of Gµ with Lie algebra k, then
Kµ is closed in Gµ.
(h3) 〈·, ·〉 is adµ k-invariant (i.e. (adµ Z|p)
t = − adµ Z|p for all Z ∈ k).
(h4) {Z ∈ k : µ(Z, p) = 0} = 0.
(see [L12a] for further details). The subset Hq,n ⊆ Vq+n is precisely the set
of those µ’s that satisfy the conditions, i.e.
Hq,n = {µ ∈ Vq+n : µ satisfies the conditions (h1)− (h4)}.
We can therefore associate to any µ ∈ Hq,n a Riemannian homogeneous
space (Gµ/Kµ, gµ), where Gµ is the simply connected Lie group with Lie
algebra (g, µ), Kµ is the connected Lie subgroup of Gµ with Lie algebra
(k, µ|k×k), which is closed by (h2), and gµ is the Gµ-invariant metric on
Gµ/Kµ defined by the inner product 〈·, ·〉 on p (i.e. gµ(eKµ) = 〈·, ·〉; recall
that we identify TeKµGµ/Kµ with p).
If we extend the inner product 〈·, ·〉 on p to an inner product on g (which
for simplicity we will also denote by 〈·, ·〉), such that 〈k, p〉 = 0, then we can
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endow Vq+n with a natural inner product, defined by
〈µ, λ〉 =
∑
i,j,k
〈µ(Xi,Xj),Xk〉〈λ(Xi,Xj),Xk〉,
where {Xi} is any orthonormal basis of (g, 〈·, ·〉). Thus we can refer to the
norm of a bracket µ with respect to this inner product, which we will denote
by |µ|. This will be a very important feature in our study of homogeneous
Ricci flow.
2.2. The Ricci flow of homogeneous manifolds and the bracket flow.
We present here our main tool, introduced in [L12b], which is also the object
of study of this article: the bracket flow. It is an ODE defined in the set
Hq,n, which turns out to be equivalent in a very precise sense to the Ricci
flow of homogeneous manifolds. We refer the reader to [L12b, Section 3] for
a more detailed treatment.
Let (M,g(t)) be a Ricci flow solution as in (1). If the initial metric
g(0) = g0 is homogeneous, it can be easily proved that there exists a solution
to (1) which consists of homogeneous metrics, because the homogeneity
allows us to reduce the problem to an ODE for a curve of inner products
on the tangent space at some point p ∈ M . The general Ricci flow theory
therefore implies that this solution g(t) is unique among complete, bounded
curvature metrics (see [Sh89], [ChZ06]). Moreover, in the homogeneous case
it is not hard to see that one must have I(M,g(t)) = I(M,g0) for all t (this
was proved in [Ko10] in the general case).
To sum up, for a homogenous metric g0 on M one always has a homoge-
nous solution g(t) to (1) such that g(0) = g0, defined on some maximal
interval of time (α, β) with 0 ∈ (α, β), and the isometry group is preserved
along the flow.
The preservation of the isometry group implies that a G-invariant metric
remains G-invariant along the Ricci flow, thus we can study its evolution by
restricting ourselves to G-invariant metrics on a fixed homogeneous space
G/K, and this takes us directly into the space Hq,n. In order to understand
how the Ricci flow looks in Hq,n, we consider an evolution equation defined
in Vq+n. We say that a smooth curve µ(t) in Vq+n is a bracket flow solution
if it satisfies
(2)
d
dt
µ = −pi
([
0 0
0 Ricµ
])
µ,
where the blocks are according to the decomposition g = k⊕p, pi : glq+n(R) −→
End(Vq+n) is the usual representation given by
pi(A)µ = Aµ(·, ·) − µ(A·, ·) − µ(·, A·),
and Ricµ ∈ End(p) is defined as in [L12b, §2.3] and coincides with the Ricci
operator of the Riemannian homogeneous space (Gµ/Kµ, gµ) when µ ∈ Hq,n.
It is easy to see that if µ0 = µ(0) ∈ Hq,n, then µ(t) ∈ Hq,n for all t.
Thus by considering solutions to (1) and (2) we have a priori two families
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of Riemannian homogeneous spaces
(G/K, g(t)), (Gµ(t)/Kµ(t), gµ(t)).
The next result shows that bracket flow solutions differ from Ricci flow
solutions only by pull-back by time-dependent diffeomorphisms.
Theorem 2.1. [L12b] Let µ0 ∈ Hq,n, and consider (Gµ0/Kµ0 , gµ0) the cor-
responding Riemannian homogeneous space. Let g(t), µ(t) be the solutions to
(1), (2) with values at t = 0 given by gµ0 , µ0, respectively. Then g(t) and µ(t)
have the same maximal interval of definition, and there exist time-dependent,
equivariant diffeomorphisms ϕ(t) : Gµ0/Kµ0 −→ Gµ(t)/Kµ(t) such that
g(t) = ϕ(t)∗gµ(t).
This theorem allows us to address questions about the geometry and
interval of definition of homogeneous Ricci flow by means of the bracket
flow.
In all of what follows, unless otherwise stated, whenever we speak of an
interval of definition for a flow (either Ricci or bracket) of the form (α, ω),
we will always mean its maximal interval of definition. Moreover, if we say
that a solution develops a singularity in finite time ω > 0, we mean that the
solution to (1) or (2) has an interval of definition of the form (α, ω), with
−∞ ≤ α < 0 and ω < ∞ (and analogously for a ’backward’ singularity in
finite time α < 0). Finally, a solution with interval of existence of the form
(α,∞) is called immortal, one with (−∞, ω) is called ancient, and one with
(−∞,∞) is called eternal, as usual.
3. The bracket norm along a bracket flow solution
In this section we will discuss the behavior of the bracket norm of a bracket
flow solution having a finite (forward or backward) time of extinction. Our
setting here is the one explained in Sections 2.1 and 2.2. Recall that, since
we have extended the inner product to g, we have a natural inner product
on Vq+n, and hence on Hq,n.
We begin with a simple but useful estimate.
Lemma 3.1. If µ(t) is a bracket flow solution, then,∣∣ d
dtµ
∣∣ ≤ C|Ricµ ||µ| ≤ C˜|µ|3,
where C, C˜ are constants that only depend on n.
Proof. We see that pi(A)µ is linear in µ, thus the first inequality follows
from the definition of a bracket flow solution. On the other hand, by using
that each entry of Ricµ (or, more precisely, of its corresponding matrix with
respect to an orthonormal basis) is a homogeneous quadratic polynomial,
we get
|Ricµ | ≤ C1|µ|
2,
and the second inequality follows. 
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From standard ODE theory, it is clear that in the presence of a finite-
time singularity at time ω < ∞, there exists a sequence tk → ω such that
|µ(tk)| → ∞. The next result improves this fact by showing that, actually,
|µ(t)| −→
t→ω
∞. An analogous result also holds in the case of backward, finite-
time singularities.
Proposition 3.2. Let µ(t) be a bracket flow solution with maximal interval
of definition (α, ω). Then there exists a constant C = C(n) > 0, such that:
(i) If ω <∞, then
|µ(t)| ≥
C
(ω − t)1/2
, ∀t ∈ [0, ω).
(ii) If α > −∞, then
|µ(t)| ≥
C
(t− α)1/2
, ∀t ∈ (α, 0].
Proof. We will focus on proving only part (i), since part (ii) follows analo-
gously by reversing the sign of the time variable.
Let t0 ∈ (α, ω). From Lemma 3.1 we have that
d
dt |µ|
2 = 2
〈
µ, ddtµ
〉
≤ C|µ|4, t ∈ [t0, ω).
(actually we may take the same constant C for all t0 ∈ [0, ω)). So by
comparison we obtain that |µ(t)| ≤ f(t), for all t ∈ [t0, ω), where f is given
by
f ′ = Cf2, f(t0) = |µ(t0)|
2.
Thus,
|µ(t)|2 ≤
1
−C(t− t0) + |µ(t0)|−2
,
and then |µ(t)| cannot blow up before the time t = t0 +
1
C |µ(t0)|
−2. This
implies that ω ≥ t0 +
1
C |µ(t0)|
−2, and the result follows. 
Remark 3.3. If we were able to obtain also an estimate of the form |µ(t)| ≤
C
(ω−t)1/2
, which is the case in all known examples, then it can be shown that
the corresponding Ricci flow solution g(t) develops a Type-I singularity.
Indeed, in that case we can argue as in [L11, Section 6.2] to obtain
|Rm(g(t))| = |Rm(µ(t))| ≤ Cn|µ(t)|
2 ≤
C
ω − t
.
4. Scalar curvature and the interval of definition of the flow
The aim of this section is to deal with the interplay between the scalar
curvature and the maximal interval of definition of a homogeneous Ricci
flow solution, by proving Theorem 1.1 and the following proposition.
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Proposition 4.1. Let (M,g(t)), g(0) = g0, be a Ricci flow solution with
maximal interval of definition (α, ω), α < 0 < ω, such that for each t ∈
(α, ω) the scalar curvature R(g(t)) is constant on M (which holds in partic-
ular if g(t) is homogeneous).
(i) If R(g0) > 0, then ω ≤
n
2R(g0)
−1.
(ii) If R(g0) < 0, then α ≥
n
2R(g0)
−1.
Proof. The evolution of the scalar curvature along a Ricci flow solution
implies that
∂
∂t
R ≥ ∆R+
2
n
R2
(see for instance [T06, Corollary 2.5.5]). Our assumption on the scalar
curvature implies that ∆R ≡ 0, thus R satisfies
(3)
d
dt
R ≥
2
n
R2,
and by comparison we see that
R(g(t)) ≥ (− 2n t+R(g0)
−1)−1.
Now assume that R(g0) > 0. The denominator −
2
nt+R(g0)
−1 cannot vanish
for t ∈ [0, ω), and since it is positive at t = 0, we have that
− 2n t+R(g0)
−1 > 0, ∀t ∈ [0, ω),
which, by taking the limit as t→ ω, implies part (i).
The proof of part (ii) is completely analogous, by reversing the sign of
the variable t. 
Remark 4.2. In the homogeneous case, one can obtain inequality (3) by only
using the evolution equation of the scalar curvature along the bracket flow:
(4)
d
dt
R(µ(t)) = 2 trRic2µ(t)
(see [L12b, Proposition 3.8, (vi)]).
This implies that an immortal homogeneous Ricci flow solution must have
R ≤ 0 for all t, and that an ancient homogeneous Ricci flow solution must
have R ≥ 0 for all t. The inequalities are both strict unless R ≡ 0, in which
case g(t) is flat for all t. We obtain in particular that there are no non-flat,
eternal homogeneous solutions to the Ricci flow.
We next prove Theorem 1.1, which is the main result of the present paper.
Proof of Theorem 1.1. Let us prove part (i). By using Theorem 2.1, we see
that it suffices to show that if µ(t) is a bracket flow solution with a finite-
time singularity at ω < ∞, then R(µ(t)) −→
t→ω
∞. Indeed, that result shows
that the Ricci flow of homogeneous manifolds is equivalent, up to pull back
by diffeomorphisms, to the bracket flow, and their intervals of definition
coincide.
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To prove that, observe that from Lemma 3.1 we have that any bracket
flow solution must satisfy
d
dt |µ|
2 = 2
〈
d
dtµ, µ
〉
≤ 2
∣∣ d
dtµ
∣∣ |µ| ≤ C|µ|2|Ricµ |,
so by integrating on [0, t), for any t ∈ [0, ω), we obtain
log |µ(t)|2 − log |µ(0)|2 =
∫ t
0
d
ds log |µ(s)|
2ds ≤ C
∫ t
0
|Ricµ(s) |ds.
Thus,
∫ ω
0 |Ricµ(s) |ds =∞, since µ(t) is unbounded. On the other hand, for
t ∈ [0, ω), we use (4) to get∫ t
0
|Ricµ(s) |ds ≤
∫ t
0
1
2
(
1 + |Ricµ(s) |
2
)
ds
= t2 +
1
4
∫ t
0
d
dsR(µ(s))ds
= t2 +
1
4 (R(µ(t))−R(µ(0))) ,
and part (i) follows by letting t→ ω.
The proof of part (ii) is completely analogous. 
As an application of Theorem 1.1, we obtain that homogeneous Ricci
flow solutions on Rn (and in particular on solvmanifolds, since they are all
diffeomorphic to a quotient of Rn) are always immortal.
Corollary 4.3. Let M = G/K be a homogeneous space. If the universal
cover of M is diffeomorphic to Rn, then the Ricci flow solution g(t) starting
at any G-invariant metric g0 on M exists for all t ≥ 0. On the other hand,
if the universal cover of M is not diffeomorphic to Rn, then there exists
a G-invariant metric g0 on M such that the Ricci flow g(t) starting at g0
develops a singularity in finite time.
Proof. By [BB78, The´oreme 2], the universal cover of M is diffeomorphic
to Rn if and only if any G-invariant metric on M has non-positive scalar
curvature. Thus if this is the case, R(g(t)) ≤ 0 for all t, and Theorem
1.1 yields that we cannot have a finite-time singularity. The last assertion
follows from Lemma 4.1, (i), since on such a manifold there exist G-invariant
metrics with positive scalar curvature. 
Remark 4.4. One could state a result analogous to Corollary 4.3 but for
the case of positive scalar curvature and backward time of existence. How-
ever, the conclusion in this case is trivial, because of the rigidity imposed
by the positivity of the scalar curvatures. Indeed, recall that to ensure that
every G-invariant metric on a homogeneous space G/K has non-negative
scalar curvature, we must have that every G-invariant metric is (locally)
the Riemannian product of a flat metric and an invariant metric on a com-
pact homogeneous space of normal type (in the sense of Be´rard-Bergery, see
[BB78]). Furthermore, such a metric is isometric to the Riemannian prod-
uct of a flat metric and invariant metrics on compact, isotropy-irreducible
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homogeneous spaces (see [Ber95]), which are necessarily Einstein. Thus a
Ricci flow solution starting at any of those metrics is given by the product
of Ricci flow solutions on each factor, and this is clearly an ancient solution.
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